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Abstract. In this article, we show that the magneto-hydrodynamic system 
(MHD) in M. N with variable density, variable viscosity and variable conductivity 

N — — 1 — 1 

has a local weak solution in the Besov space B^ A (R N ) x B™^ (R N ) x B™^ (R N ) 
for all 1 < P2 < +oo and some 1 < pi < if the initial density approaches a 
positive constant. Moreover, this solution is unique if we impose the restrictive 
condition 1 < p 2 < 2N. We prove also that the constructed solution exist glob- 
ally in time if the initial data are small enough. In particular, this allows us to 
work in the frame of Besov space with negative regularity indices and this fact is 
particularly important when the initial data are strong oscillating. 



1. Introduction. 

In this paper we study existence and uniqueness of solutions for the magneto- 
hydrodynamic system with variable viscosity and variable density, which describes 
the coupling between the inhomogeneous Navier-Stokes system and the Maxwell 
equation: 

dtp + div(/ra) = 

dt(pu) + div(pw <g> u) - 2div(p(p)M) + V(II + ^) = pf + div(B <g> B) 

(MHD) { d t B - div(^g) = B-Vu-u-VB 

div u = div B = 

k (p,u,B)\ t=0 = (p ,u ,B ), 

where M. = |(Vm +* Vm) is the symmetrical part of the gradient, the external force 
/ is given, //(•) > is the viscosity of the fluid, er(-) > is the conductivity and 
U(t, x) is the pressure in the fluid. Moreover, we suppose that a and p are C°° 
functions and that 

(1) 0<a<-<a<oo and < p < p. 

a — 

The homogeneous case (p = const.) of the (MHD) system was studied by G. Duvaut 
and J.-L. Lions [12]. They established local existence and uniqueness of a solution 
in the classical Sobolev spaces H S (M. N ), s > N. They proved also global existence 
of the solution for small initial data. 

l 
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The inhomogeneous case has been studied by many authors. Let us mention J.-F. 
Gerbeau and C. Le Bris [TH] and also B. Desjardins and C. Le Bris [TT] who studied 
global existence of weak solutions of finite energy in M 3 and in the torus T 3 . On the 
other hand, local existence of strong solutions was recently considered by H. Abidi 
and T. Hmidi |2J. They proved also global existence of strong solutions when the 
initial data are small in some Sobolev spaces. 

The principal aim of this paper is to study the strong solutions in some Sobolev- 
Besov critical spaces of negative regularity index. Working with initial data in Besov 
spaces of negative regularity allows us to choose the initial velocity and the initial 
magnetic field to be very irregular (even discontinuous) functions. On the other 
hand, working in spaces of negative regularity allows us to prove that the (MHD) 
system is globally well-posed for strongly oscillating initial data. 
In the following, we suppose that the initial density verifies inf po(x) > and thus, by 

X 

the maximum principle for the transport equation, we have inf p(t, x) > 0. We also 

X 

suppose that the density of the fluid is a small perturbation of a constant density 
which we choose to be equal to 1. This implies that we can use the transform 
a — 1 which allows us to work with the following system: 

d t a + u ■ Va = 

d t u + u- V« + (l + a){vn + V(^) -2div(/2(a).M)} = / 

+(l + a)B-V5 

(MHD) { 

' d t B - div(a(a)VB) = B -Vu-u-VB 
div u = div B = 

k {a,u,B)\ t=Q = (a Q ,u ,B ), 

where /1(a) = p(jr^) and a(a) = —, \ . are regular functions. 

*> 1 + a ' 

Let us recall the theorem proved by H. Abidi et T. Hmidi in their recent paper [2]. 
We denote by V the Leray projector on the divergence free vector fields and by 
Q = I — V the projector on the gradient type vector fields. The Besov spaces are 
defined in the next section. 

Theorem 1.1. [2] Let 1 < p < 6. There exists a constant c depending on p and on 

the functions p and a such that, for uq, B G B* x (R 3 ) with divu — div So = 0, 

/ G L 1 (M + ; Bf~\R 3 )) with Qf belonging to Ll c {R + ; B^\r 3 )) and a G B^iM 3 ) 
where 
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then, there exists T G (0, +00] "such that" the system (MHD) has a solution 
(a,u,B,VU) 

a G C 6 ([0,T); s|j n L°°([0, T); B^); u,Be C b ([0,T); Bfr 1 ) n L^O, T; b| x +1 ). 
Moreover, there is a sufficiently small constant c\ > stzc/i i/iai, z/ 
1 1 ia 1 1 3_ 1 + ||-Bo|| 3-i + ll/H a_! < ci inf (// , a 1 ), with fi 1 = eta l = a{l) ) 

i/ien T = +00. If 1 < p < 3, then this solution is unique. 

This result can be easily generalized to the case of fluid evolving in the whole space 
~R N . However, the result does not provide uniqueness for N < p < 2N, which would 

allow one to conclude that the system (MHD) is globally well-posed for strongly os- 
cillating initial data . Addressing the issue of uniqueness is the principal motivation 
of our work. 

In order to have a more clear idea of uniqueness, let us note that the system (MHD) 
can be written as a coupled system of a transport equation for the density and 
a Navier-Stokes type equation for the couple (u,B). Let us note also that the 
stabilizing effect of strongly oscillating initial data is well known for the classical 
homogeneous Navier-Stokes equation. Indeed, for the Navier-Stokes system in the 
homogeneous case (p, B = const.), i.e, 

{Otu + u • Vm — Am + vn = 
divw = 
U\ t=Q = M , 

it is classical to obtain global existence and uniqueness of solutions for small initial 

data in the Besov space B p l p (M. N ) for all 1 < p < 00 (see [1]). The Cannone- 
Meyer-Planchon result generalizes the classical theorem by Fujita-Kato [H], which 
gives existence and uniqueness of solutions in the framework of classical Sobolev 
spaces H~~ 1 (R N ), to Besov spaces of negative regularity index. The interest in 
such a result comes from the fact that initial data which are large in if^" _1 (IR iV ) 

become small in the presence of oscillations in the norm of the space B l p when 
N < p < +00. In particular, we find that the very fast oscillations of the initial 
data stabilize the Navier-Stokes system in the sense that the solution exists globally 
in time. 

Theorem 1.2. (Cannone-Meyer-Planchon \Q) Let 1 < p < +00 and let uq G 

Bp X (Mr) be a divergence free vector field. There then exists a time T > such 
that system (NS^) has a unique solution. 

ueC b ([o,T);B; A )nL\o,T-,B; A ). 
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Moreover, there is a constant c > small enough such that if 

\\Uq\\ JV, < CU, 

then T = oo. 



In this article we will show the existence and uniqueness of global solution for system 

(MHD) for strongly oscillating initial data. For that it will be necessary to work 
in spaces with negative index of regularity. Let us note that the result of [2J does 
not make it possible to construct a unique global solution for the data in spaces 
of negative index, since one has uniqueness of the solution only in the case when 
1 < p < N. Also let us note that one has existence of a global weak solution when 

N < p < 2N for small data. In this paper, we prove in fact that the (MHD) 

JV 

system is globally well-posed for oscillating initial data, when ^ - 1 6 1 and 



m , B G B£ tX with pi < p 2 and ^ < ^ + ± and ^ + ^ > -|. Note in particular 
that we obtain the H. Abidi and T. Hmidi results as a particular case of our theorem 
by taking p\ = p 2 - The improvement obtained in our result is due directly to the 
fact that we work with the density, velocity field, and magnetic field in the spaces 
of Besov built on different spaces of Lebesgue. The method of the proof is based on 
the regularizing effect for the heat equation (for more precise details, see [6]). To be 
more precise, we point out a result of harmonic analysis due to R. Danchin [8], which 
is an inequality of the type of the Poincare-type inequality for functions localized in 
frequencies. That enables us to gain two derivatives of the solution from the heat 

equation starting from the Laplacian, and thus, for initial data in B , v (R N ) we 

find that the solution belongs to the space L 1 ([0,T]; B p l p ) which is a subspace of 
L l (Lip (R N )). This is the principal reason for why one cannot work with the initial 

data Uq G B P)T p for r > 1. 

We prove an existence result in critical Besov spaces (for the definition see the next 
section). Our principal result is as follows: 

Theorem 1.3. Let 1 < m < p 2 < +oo be such that — < — + 4? and 4f < — + — • 

There exists a positive constant c depending on p and on functions fi, a such that, 

N i ' — — 1 

for w , B e S™! (R N ) with divuo = div B = 0, / G ^ oc (R + ; B^ (R N )) with 

jv _ 2 JV 

Qf G Lf oc (M + ; B*> (R n )) and a G BIK(R N ) where 



\ a o\\ JV < C, 

Pi,l 
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then there exists T(uq, Bq, f) > such that the system (MHD) has a solution 
(a, u, B, VII) with 

N N — — 1 — + 1 

a G C 6 ([0,T); B^JnrdO,!);^); u, B G C b ([0,T); B^ )nL 1 (0,T; B^ ) 



JV 



, „ . P/ 2iV\ 1 1 1 

11 ' ) and h — < 1 — 

P2 N N pi p 2 

Moreover, there exists a positive constant C\ such that if 

P2 



and Vn G L|T" (B£ tl ), with < n < inf (1, — ) and — + < — + — . 



K|| jy__ 1 + II-BqII jv _! + ll/H jv_ 1 < ciinf( / u 1 ,cr 1 



with n 1 = /x(l), a -1 = er(l) ; £/ien T = +oo. 

If, in addition, we have that 1 < p 2 < 2N, and — + — > 4f then such a solution is 
unique. 



The proof of Theorem 11.31 is carried out in two stages. Firstly, we show the unique- 
ness result that is based on a logarithmic estimate combined Osgood lemma. Sec- 
ondly, for the existence part we proceed as follows: we regularize both initial data 

and (MHD) system, for which we establish the existence of solutions. After we shaw 
we can bound from below the time existence. Finally we prove that the regulariza- 
tion solutions converge to a solution satisfying our initial problem. 

Remark 1. In The case of variable viscosity and variable conducitvity, we need 
the more restrictive condition p\ < p 2 . This condition does not appear in the case 
where the viscosity is constant (see our paper 

Remark 2. This theorem allows us to construct a solution (local in time in general, 
respectively global in time when the initial data is small compared with viscosity), 

for uq, Bq G B p2 x P2 (R ) and all 1 < p 2 < +oo. In fact, it is enough for example 

to consider the density such that a® = Pq 1 — 1 G B 1 N1 (M. N ) when N < p 2 < +oo. In 
the case when 1 < p 2 < N we take for example p\ = p 2 (other choices are possible, 
it suffices for example to take p\ which verifies sup(l, N £* 2 ) < Pi < P2/ 

On the other hand, we obtain a unique solution for all Uq, Bq G B p2 1 P2 (W N ) for 
all 1 < p 2 < 2N. In order to obtain this, it suffices to consider for example 

JV 

a o = Pq 1 — 1 G Bp* tl (W N ) with pi = ™ when N < p 2 < 2N , and and it suffices to 
take sup(l, j^ 32 ) < Pi < p 2 when 1 < p 2 < N. 
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Remark 3. In particular, Theorem ! 1 . 3\ implies existence of a unique global solution 
for the (MHD) system, when the initial data (po,u ,B ) have the particular form 



a 



p 1 - 1 ES(R 3 ); u = e~ a sin f^j (-«9 2 0\ d l( f>\ 0); 



B = e-?sm f^j (-«9 2 2 , d l( j> 2 , 0) 

with a, (3 G [0, 1), inf po > and 0* G iS(R 3 ), with ao small and e > small enough. 

Indeed, it is easy to verify the following assertion. Let <fi G 5(M 3 ) ; k G M 3 , \k\ ^ 
and (a,p, r) G x [1, oo) 2 . Then, the function 4> £ {x) = <fi(x) e tx ' k ' £ is small in the 
space B~°. More precisely, we have 

where C(4>) = \\<p\\^ 



p,r 



2. Preliminaries. 

2.1. Notation. Let X be a Banach space andp G [1, oo]. We denote by L p (0, T; X) 
the set of measurable functions / : (0, T) — ► X, such that t i — ► belongs to 
L p (0, T), and we denote by C([0, T); X) we denote the space of continuous functions 
on [0,T) with values in X, C b ([0,T); X) := C([0,T); X) n L°°(0,T; X). Let p 1 = 
/t(l), /2(a) = m(]4^), 5(a) = ~tA n , 0" 1 = 5(1) and for 1 < p < oo, we denote by p' 

the conjugate exponent of p given by - + 4 = 1. 

2.2. Littlewood-Paley theory. In this section, we briefly recall the Littlewood- 
Paley theory and we define the functional spaces in which we will work. To this 
order, we use a unit dyadic (see for example [5]). Let C C M. N be the annulus 
centered in 0, with the small radius |, and the big radius |. There exist two positive 
radially symmetric functions x an d f belonging respectively to C£°(.B(0, |)) and to 
Cg°(C) such that: 



5>(2-«£) = l V^0 et X (0 + E^ 2 ^) = 1 V ^ GI 

We define the following operators. 

A q u = v{2- q D) u V q G Z et S q u= ^ A p v V q G Z. 

p<?-i 

Moreover, we have: 
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where V\M. ] is the set of polynomials (see for example p2]). Moreover, the 
Littlewood-Paley decomposition satisfies the property of almost orthogonality: 

(2) A k A q u = if \k - q\ > 2 and A fc (5 g _i?iA g n) = if \k - q\ > 5. 

Definition 2.1. For s G E, (p, r) G [1, +oo] 2 and w G ^'(M^), we denote 



(X)2^||A, 



I u IIb= : = ? * II^IIl* 



wif/i i/ie itsim/ change for the case r = +oo. T/ien /or s < — an<i s < — , r = 1 we 
define 



B s pr :={ueS 



lull o s < oo r , 



otherwise, we define B pr like the adherence in S' of functions belonging to the 
Schwartz space, for the norm II • II a s . 

Let us recall also the Bernstein inequality (see for example [5]) which allows us to 
obtain some embeddings of spaces. 

Lemma 2.2. (BERNSTEIN) Let (rr,^) be a couple of nonnegative real numbers 
such that ri < r 2 . Then there exists a nonnegative constant C such that for any 
integer k, any couple (a, b) such that 1 < a < b < oo and every function u in 
L a (R N ), we have 

SuppTu G 5(0, An) sup \\d a u\\ L * < C k \ k+N{ »-&\\u\\ La , 

\a\=k 

SuppTu G C(0, An, Ar 2 ) =^ C- fc A fc |M| L a < sup \\d a u\\ L a < C k X k \\u\\ L a. 

\a\=k 

In order to obtain a better description of the regularizing effect of the transport- 
diffusion equation, we will use the spaces Lj,(B pr ) introduced by J.-Y. Chemin and 
N. Lerner in [7j. 

Definition 2.3. Let s < — (respectively s G M.), (r,p,p) G [1, +oo] 3 and T G 
]0, +oo]. We say then that f G L p T (B s pr ) } if 

\\f\\mH r ) ■= (E 2?rs ( f w^mwi^Y < oo. 

with the usual change if r = oo. 
For 9 G [0, 1], we have 

( 3 ) \\ u h^ vr ) < IMIz^j^rjIMiy^) 
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with i = + ^ and a = Ba x + (1 - 0)s 2 . 

P pi P2 v ' , 

Note that the Minkowski inequality implies that 

IMIz^ r) < \\ u \\ L ^B lr ) if p < r and ll u L?,(B| r ) < IMIz^ r) if r <p- 

We give now the product laws in Besov spaces based on different Lebesgue spaces. 
This product laws are studied in detail in the paper [3]. 



Proposition 2.4. Let (p, Pi,p 2 , r, Ai, A 2 ) G [1, oo] 6 swc/i i/ia£ ^ < ^ + pi < A 2 , 
p 2 < Ax, - < + ^j- < 1 e£ - < — + j- < 1. Then, we have the following inequality: 
If 8l + s 2 + Nm£{0, 1 - i - ^)"> 0, 2 Sl + £ < g and s 2 + f < g. Tnen 

( 4 ) HHI -i+« 2 -*(£+£-Jr) £ IMIi$, r Nb£ i00 > 

w/iensi + |^ = g (respectively s 2 + ^ = ^) we replace \\u\\^n r \\v\\^2 ^ (respectively 



N _ N „„ j „ , TV 



IMIs^J 6 f IMIb^JMIb^ (respectively \\v\\ ^2^^ ) , *M + aI = pi « nrfs 2+ Al - 
— we ta£;e r — 1. 

If Sl + s 2 = 0, Si G (y~ — — — — y~] and i + i < 1, t/*en 

^ 1 ' ^ ' 1 V Al P2 ' Pi A 2 J Pi P2 — ' 

(5) ||wf|| Arri + i Jo5:IM|r s i ||f|| d s 2 . 

If Isl < — for p > 2 and — ^ < s < — otherwise, we have 

(6) IIHIb* £ Mb- IMI h f r ■ 

Remark 4. In £/ie following, p will be equal to p\ or to p 2 and j = — — ^ if 
P\<P2, respectively \ = ^ - g ifp 2 <Pi- 

Remark 5. iVoie i/iai /or pi = p 2 we obtain the classical product laws. On the 

i iV 

xr • S1+S2 — ~ 

other hand, if < — 7 si + s 2 > and pi < p 2 we obtain that uv G B 1 Pl , 

Pi P2 1 

i N 

otherwise, if s, < ^ we obtain uv G l P2 . T/ie interpretation of this facts, 
is that in a product law we can a smaller number of derivatives than usual, if we 
measure these derivatives with a LP Lebesque space with small p > 1. 



Remark 6. The Proposition 2.4 also holds in Ll{B^ r ). For example inequality (0|) 
becomes 



\ uv \\b» ~ \\ u \\r* \\ v \\ £ 



whenever \s\ < — for p > 2 and — 4 < s < — , 1 < p, pi, p 2 < oo and l/p 
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3. Estimates for the transport and Stokes equations. 

We note that the MHD system with variable density consists of a transport equation 
for the density and a Stokes equation for the velocity vector-field. We begin by giving 
the necessary estimates for the transport and for the non- stationary Stokes equations 
(for the proofs, see the paper [3]): 

Proposition 3.1. Let ( Pl ,p 2 ) G [l,+oo] 2 , -1- iVinf (i i) < s < 1 + Nmf(±, i) 
where p[ is the conjugate exponent of pi (respectively s — 1 + iVinf (-y, -^)) and 
r G [l,+oo] (respectively r = 1). Let u a free- divergence vector field such that 

. . —4-1 

Vu G L\0,T; B;i r n L°°) (respectively u G L^O.T; B£ A )). We suppose that 
Po G B s pur , f G L\0,T; B s p J. Let p G L°°(0,T; 5^) n C([0, T]; 5') 6e a solution 
of the following system 

d t p + u-Vp = f, 
P\t=o = Po- 

Then there exists a non-negative constant C depending on N and s such that 
(7) IHIZ^) < ^(llpoll^ + f \\m\\ H Jr), 

J 

where U(t)= f* || Vu(r) || jv dr. (respectively U (t) = L\\u(r)\\ N_ +1 dr). 

-Dp 2 , r [ li/ P2. 1 

Proposition 3.2. Lei p g]1,oo[ and —1 — iVinf^,^) < s < —, where p is the 
conjugate exponent of p. Let u be a divergence free vector field with the components 
in B pr and g a vector field with the components in L^(B p ). Let u and v be two 

JV 

divergence free vector fields such that Vv has the coefficients in L l (0, T; Bj> %r PI L°°) 

(respectively L\,(B pl )) and u G C([0,T; B pr ) flLy(B^ 2 ). Let u be a solution of the 
non stationary Stokes system 

{d t u + v ■ Vu — i/A« + VII = g 
divu = 
U\ t =o = Uq- 

Then there exists C > depending on N and s such that u verifies the following 

estimate 

(8) 

Clival jv 

ll w llz ?( %,j+^lkllzL(^)+llvn|| £M%r) < e ^ (<rni00) {lkoll^ r +^lkllz^(^, r) } 

Moreover, if2<p and s = —1 — — , then we have the following estimate: 
(9) 

CllVv]l ■ £ 

lkllL-(% oo) +^lklliL ( ^)+llvn|| £M ^ oo) < e ^ (fl - l) {lkoll^ oo +c'||(7|| z ^ oo) }. 
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Let us recall the Osgood Lemma (see [13]), which allows us to infer uniqueness of 
the solution in the critical case (see the uniqueness section). 

Lemma 3.3. (Osgood) 

Let p > be a measurable function, 7 be a locally integrable function and \i be a pos- 
itive, continuous and non decreasing function which verifies the following condition 

^ dr 

+00. 



!o MO 

Let also a be a positive real number and let p satisfy the inequality 

p(t) <a+ j(s)n(p(s))ds. 
Jo 

Then if a is equal to zero, the function p vanishes. 
If a is not zero, then we have 

** ' dr 



-M(p(t)) + M(a) < / j(s)ds, with M(x) 



MO 



Finally, we recall the following result of logarithmic interpolation (see [10] Proposi- 
tion 2.8). 

Lemma 3.4. Let (p, A) G [1, +00] 2 , s G R, t G R+, e G (0, 1] and u G L\(B S ~£) n 
L$(B s pA )nLl(B s p £). Then 

7vr s ) / 7Vr s-e i 7*fR s + e i 

£ v \\ u \\Li(B' loo ) 

4. Proof of the Theorem 11.31 

We will proceed in two steps. First we prove the uniqueness of the solution which 
is principally based on a logarithmic estimate and on the Osgood Lemma which is 
useful in the case of logarithmic estimates. The second part is devoted to the proof 
of existence of the solution. 

4.1. Uniqueness. Let 1 < P2 < 2N and 1 < p\ < P2 be such that — + — > -j| and 

^ < ^ + jf. We denote by (a\ u\ VIT) for 1 < i < 2 two solutions of the (MHD) 
system. We define 

(M\5M) := (~(W +* Vu'),M 2 -M 1 ) 

and (8a, 5u } V5U, 5B) := (a 2 - a 1 , u 2 - u\ VII 2 - VII 1 , B 2 - B 1 ). 
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We can easily check that 

d t Sa + u 2 ■ V5a = —5u ■ Va 1 

d t 5u + u 2 ■ V5u - ^ASu + V5U = H(a\ u\ VIP, B l ) 
d t 5B + u 2 ■ V5B - a x A5B = G(a\ u\ B l ) 
div 5u = div SB = 0, 
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where 

H(a\u\ VIP, 5* 



-5u ■ W + a\fi l A5u - V5U) + Sa^Au 2 - VII 2 



+ 2div 



(Jl{a 2 ) -fj})SM 



+ 25a div 



(Jl{a 2 ) - ii l )M 2 + 2aMiv (//(a 1 ) - ^)5M 



+ 2div 
1 



(Jl(a 2 ) -Jlia^M 1 + 2aMiv (Jl(a 2 ) - Jl(a l ))M 2 - -5aV(B 2 ) 2 

J L J _ 



1 



(1 + a l )V((B 2 ) 2 - (B 1 ) 2 ) + (1 + a l ){B 2 ■ V5B + 5B ■ VB 1 ) + 5aB 2 ■ VB 2 



and 



G(a\ u\ B l ) = B 2 ■ V5u + SB ■ Vu 1 - 5u ■ VB 1 + div{ (a(a 2 ) - 5(a'))VB 2 } 

+ div{(5(a 1 ) -a^VSBy 

In our discussion we will distinguish between two cases: the first case deals with 
the situation where — + — > % and the second case concerns — + — = 4?- The 

Pi Pi Vl V2 n 

distinction between the two cases appears on the level of the product laws that we 
use. 

The case where N > 3, 1 < r> 2 < 2N and — + — >%. We have established the fol- 
lowing result. 

Proposition 4.1. Let (a\ u\ VIP, B l ), with i e {1,2}, be two solutions of (MHD) 

JV 

system, corresponding to the same initial data a € -Bp/oo H L°°(R. N ), u , B E 
Bp^i with div -uo = div So = and the external forcing term f belonging to 

N__l JV o 

L L([°> T *); B pl,i ) such that Qf belongs to L[ oc ([0,T*); B£ A ). Assume that for 
i = 1,2 we have 

N 

a* e C([0,T*); B£,(R N )), 



«* e c([o,r*); b;i, ) n LU[o,n; s / 2 ,i ), 
b i e c([o,n ; s» fl ) n LLc([o,n; % ), 
virGLU[o,n;% ). 
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There exists a positive constant c such that if we have 



< c. 



i?f*(B P p 1 1 ,oonL°°) 
then (a 2 ,w 2 , Vn 2 ,S 2 ) = (a 1 , u 1 , VII 1 , B x ). 

Proof. The first step of the proof consists in proving that (8a, 8u, VoTI, SB) G F : 
where 

F| : = C([0,T]; ) x H C([0,T]; )) x (4(S» fl " )) 

N_ N n 



We define for all t < T the quantity 
7(t) := \\(Sa,8u,VSU,8B)\\ F P = \\Sa\\ . jsl_ x + ||HI 

' r rvl /nPl \ 



+ ^ 



N 



+ livmi 



I (551 



AT . 



+ o- 1 \\5B\ 



N 
,P2 

'P2' 1 ' 1 v P2" 1 ' tv P2> 

In order to prove that the solution belongs to the space F%, it suffices to have 

(a 1 — a ,M*, VlT, If) G Fy, where we have defined (IT, VlT, S ) by = ul + w\ 

VIP = Vn i L + VTf et B i = B L + B\ The quantities u L ,VU L and B L are defined 
by the system given bellow: 

( d t u L - f^Aut + vn L = / 

d t B L - o x AB L = 
div ul = diy Bl = 
(u L ,B L )\ t=0 = (u Q ,B ). 

Indeed, we have by Proposition 2.1 of [B] that ul and Bl have their components 

. ^— i . ^+1 . 

in the space C([0,T]; ) n L\0,T; B* x ) and VII L G L (0, T; ). The 

quantities (u 1 , VII , B ) verify 



(MHD mod ) { 



80 - u 1 All 1 + Vn = K(a\ u\ VIT, E 4 ) 
aS* - a 1 AT? = L(u\ B ' 1 ) 



where 

K{a\u\ VU l ,B i 



-u 



div u 1 = div B = 
, (^,^)| t=0 = (0,0), 

* • W + a'^Au* - VIT) + (1 + a 4 )div[( / 5(a i ) - /x 1 )^ 



- -(1 + o!)VB i2 + (1 + a 4 )^ • V5 4 



GLOBAL EXISTENCE FOR THE MHD SYSTEM IN CRITICAL SPACES 



13 



and 



L(u\ B l 



B l ■ Vu l - u* ■ 



VB l + div{(a{a i ) -ff^VF}. 



We apply the operator V to the first equation of the system (MHD mo d) and we 
obtain 

dM - ^Avf = v(K(a\ u\ VIP, B 



(10) 

In the same manner, the divergence operator applied to the same equation gives 
(11) 

div((l + a l ')VTT) = div Qf - div (u l ■ W + i(l + a l )VB i2 - (1 + a i )B i ■ VB { 

+ div (f/ 1 (a* Alt') + (1 + a i )div[(/I(a i ) - y})M 



Combining the inequality ([3]) together with the hypothesis concerning the solutions 

JV 

stated at the beginning, we find u\ B % G L\{Bl^^). On the other hand the inequality 

© gives that u* ® u\ B l ® B i and B i2 G L%(Bg tl ) for p 2 < 2N, N > 3 and 
^- + — > Inequality (jlj) then implies that 



i v__ 2 



• W, a ! Au ! G ^(^,1 ), (1 + a l )B l ■ VB l and (1 + a'jVF G L 2 T (B, 



. J2--2 



P2,l 



Now the inequality (jlj) and Taylor's formula with a remainder in the integral form 
imply 



l + a^div {p-{a i ) - /j})M i 



W'l ) 



(1 



N 



) 



< 



AT 



■ —-3. 



We conclude also that the left-hand side term of equality (TTTj) belongs to I+r{B^ x ). 
On the other hand, inequality (jlj) gives 



I a* VIT 



< \W 



L™{B$l !00 nL°°) 



ivrr 



Consequently, the smallness condition on a 1 together with fllip give that 



VIT G I%(Bg A ). This allows us to obtain, using the hypothesis concerning a 1 and 

JV 2 

the inequality (0}, that a 1 VLT G L^(B^ X ). So we conclude that iY(a\ u\ VIT, S*) 

belongs to L^(B^ X ). In the similar manner we have L(V, G L^{B^ X ). Since 
the operator P is continuous on the spaces B^ r1 the terms at the left-hand side 
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of equality f TTOT) belong to L^(B^ X ). Consequently, applying Proposition 2.1 of 

' N ——2 • ——2 

0, we obtain that v*,B* G L\,{B* X ) n C([0,T]; 2%^ ) and Vff G L^S^ ). 
For a*, we write <9 t a 4 = — u % ■ Va\ Since — < i + — therefore, the product 

laws (jlj) allow us to see that d t a l belongs to L^B*^ ), which gives by the 

inequality of Cauchy-Schwarz that (a 1 — a ) G C([0,Tj; B£l t<x >)- Finally we have 
(6a, 5u } VoTI, 5B) G F|. 

Using these Propositions 13.11 and 13.21) we prove successively that for all t < T 



C\\u 2 



\\5a\\ 



< 



HHI 



jy_ IjVa 1 !! i^-i 5 



I (5m I 



iv_ 2 + //HHI . jsc + II van 



C||« 2 || jv +1 

-t, i (s p2 1 > 



x ||#(a\w\ VU\B U 



and 



C||« 2 



\SB\ 



+ a 1 \\6B\ 



AT 



< 



^£,1 ) 



w 1 ^^(a 1 ,^,^ 

We will estimate next the term H(a l ,u l , VIP, Inequalities ([HD and (jl]) give 
5w V^ + a^^Afe- V<ffl) + oa(//Aw 2 - Vn 2 ) jv 2 < jv l 



X \\u 



jv + lla 1 ! 



||Mu|| 



I van I 



+ INI 



I An 2 



jv , + ||vn 2 



Owing to (jlj) and Taylor's formula with a remainder in the integral form, one finds 



:i2) 



div 



+ a 1 div 



(^(a 1 ) - fj})6M 
< lla 1 !! 



U(B P2 ) 



JV 

'L°?(B/' 1 1 , 00 nL<»)" "^(^l) 



JV 
'P2. 1 



for pi < p 2 - Using once more the inequality (jlj), Taylor's formula, inequality (jSj), 
and the fact that the space of Besov is stable by the action of a C°°-function (see 
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div[(/I(a 2 ) -//(a 1 ))^ 1 



A— 2 ~ 
4(< 2 ,! ) ^0 



a 2 ) - Ma 1 )! . jv^JVm 2 !! , jv dt 



B 



pi,i 



B 



P2. 1 



< 



\\Sa\\ \\u 2 \\ N_,-,dt. 



Combining the inequality (j3j) together with an interpolation result in the temporal 
variable, we prove that 



5aV(B 2 ) 2 



N 



2 <iihi x .^\\(B 2 n l .f 2 

<\\5a\\ . f ^\\B 2 \\ 2 u 

SINI .g-a ll^ll ll^ll 1 



In the same manner we find 
(l + a 1 )V(( J B 2 ) 2 -( J B 1 ) 2 )|| 



<(Vi 



+ II5 2 



r+1. 



ll^ll 



< V \\B l \\ n (\\SB\\ n„ 2 + \\5B\\ n 



L2 (B P2 ,) V" L?S(B V2 , ) LL(B**,) 



We have -L + i > -|, p 2 < 2iV and - i| < —, so the inequalities flU) and (J6J) 
imply 



\\SaB 2 ■ X7B 2 



< 



\\B 2 \\ ||5 2 



L t( B P2,1 ) Lt( B P%,oo ) L t( B P2,1 ) L t( B P2,1 ) 



Since one has I- -I < ¥ , — + — > 4 and pi < P2, Lemmas 3.1 and 3.2 of [T] 

I pi P2 1 iV' pi p2 JV — " 

remain valid. Thus, combining the preceding inequalities with these Lemmas, we 
find 



\\H{a\u\VU\B*)\\ .£_ 2 < 7 (t) \\\{u\v*)\\ + ||Vn 2 || * , 

+ \\{B\B 2 )\\ t * +1 +\\(B\B 2 )\\ _ * +1 + ||a 1 | 



'^(B P p 2 2 ,r) L T(< 2 ,r) " "^(^ooni 00 ) 



+ / \\Sa(t)\\ jv_ 1 ||m 2 || N_ +1 dt. 

S /II + 



pi>i 



P2. 1 
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We need now to estimate G(a\ u\ B l ). Since div B 2 = 0, then using the inequalities 
of Bernstein and (jH]) together with an interpolation argument we obtain 

\\B 2 -V5u\\ <\\B 2 ®5u\\ v , 

L T\ B p 2 ,l ) L t( B P2 ,1 ) 

< ||5 2 || jv 2. x 



<||s 2 || jv ||HI .#- 2 + 



N 



In the same manner, we have 



WSB-Vu'-Su-VB^ .jy__ 2 ZWu'W * ^ . f _ 2 + 

L t( B P2 ,1 ) L T( B P2,l) L t( B P2 ,1 ) -rrp,,!/ 

+ ll^ 1 !! jv_ f||HI iv_ 2 + jv ) 

Arguing similarly to the case of inequality (1121) . one finds that 

divl (a( a 1 ) -cx^VSB} n 2 < lla 1 !! jv ||5S|| 



jv . 



T\ P2,l > T \^Pl,oa' ; p 2 , 

Using the above estimates and Lemmas 3.1, 3.2 of PQ, and arguing in the same 
manner as for the H term, we obtain finally that 



\\G(a\u\Vn\B*)\\ *_ a < 7 W i 2 +1 + ||vn 2 || 



+ IKS 1 , .B 2 )!! jv +1 jv +||a 1 || n 
+ [ \\Sa(t)\\ ^^WB'W ^ +1 dt. 

Jo B p.i B pL 



PI- 1 P2 

Thus, one finds for t <T that 



V 



7(*)<7(*) 2L +1 jv +||Vn 2 || jv^+Ha 1 !, 

r-T 



+ ll(5 1 ,5 2 )|| * +1 » )+ [ 7 (t)||( M 2 ,5 2 )||. f+1 dt. 

We choose a small time 7\ < T such that we have for a constant c > small enough 
the following inequality 

||(«\u 2 )|| .JL+i — +l|Vn 2 || .jv., <C 



and IKS 1 , B 2 ) II jv +1 jv <c. 
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Using the assumption that 1 1 ci 1 1 1 jv < c, we have Vi < T\ 



t 

2 r>2\ 



l(t)<C 7 (t)\\(u\B^\\_ f+1 dt. 

-B„ 2 



i 



Since the function t t— > kt jy_ +1 + LB jv +1 is locally mtegrable, we deduce by 

Lemma 13.31 that 7(t) = for all t G [0, Ti]. It is easy to see that this property 
is conserved on the whole time interval and we obtain finally that j(t) = for 
all t G [0,T]. Thus the proof is complete in the case 1 < p 2 < 2N. The above 
calculations are available for p / 1 (since they are based on Proposition 13.2ft . The 
case p — 1 is deduced by injection. □ 

The case — + — = t? or N = 2 or p 2 = 2N. In this case the condition 

|| a 1 1| _n_ < c is not sufficient. To show uniqueness, one needs to 

L^(B J f 1 1 , 00 nL°°) 

suppose that 1 1 a, 1 1 1 jv < a More precisely, we have the following proposition. 
Proposition 4.2. Let (a 1 , u 1 , VLT, B x ) and (a 2 , u 2 , VII 2 , B 2 ) be two solutions of 

— — - JV — — 1 

(MHD) corresponding to the initial data a G -B^d -Bo £ -Bp 2 1 where divw = 

• ^-i 

divSo = and f is such that its components are in Lj oc ([0,T*); B^ x ) and Qf 

N n 

belongs to Lj oc ([0, T*); B^ t ). We assume that for i = 1,2 we have 

N 

o i GC([0,T*);5')nL£ ! ([0,r*);^,i)' 
u t GL7([0,n;5- 1 )nLL([0,n;5- 1 ), 

g c([o,n; sf; 1 ) n LL([o,n ; i?!; 1 ), 

JV 

VffGLL([0,n; S» fl ). 

JTien t/iere exists a positive constant c which does not depend on these solutions such 
that the inequality 

Wa 1 ]] jv < c 

implies (a 2 ,u 2 ,VH 2 ,B 2 ) = (a 1 , u 1 , VII 1 , B 1 ). 

Proof. We need to prove first that (5a, 5u, V5I1, 5B) G Gt, where 

— — 1 ~ — — 2+— ~ — 2+ — ~ — — 2+ — 

Gt'- = Lt (Bpl^oo ) xLj 1 (5p 2 2 j00 )nL^?(i?p 2j oo P2 ) x Lrp(Bp, 2)0 o' 2 ) xL r (i?p 2 2 oo)nL^?(.Bp 2i oo P2 )• 
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The estimates in this space would allow us to obtain uniqueness of the solution by 
the Osgood Lemma. We define 



7(t) := \\Su\ 



(-Bp 



-2+ 



jv + \\8u\ 

P2 \ 

3 J 

+ \\SB\ 



J 1 ( ft p 2 

X 1 ' P2 



JV + 

) 



iv<mi 



lUb. 



-2+M. + 

P2 \ 

2 ,oo ; 



\SB\ 



-2+-^. 

P2 \ 



' T 1 C R P2 

\ P2 : : 



The term GV is dealt with in the same way as in the first case. The only difference to 
be noted appears in the treatment of the products of the type a 1 VII 1 . Here inequality 
([5]) should be used to ensure that the left-hand side term of equality ffTUl) belongs to 
l t( B 3,Io)- Thus Proposition 2.1 of [6] implies that (5a, 5u, V5TI, 5B) e G T . 
In this case it is enough to study the case j| = ^- + ^, since one can deduce the 
other cases from this one. Indeed, if p 2 = 2N, then m — since — < 4? + — 
and 4 < — + — . Therefore it is a particular case of = — + — . For N = 2, one 
starts with p 2 = 4 and pi = |. Afterwards by injection, one will have uniqueness for 
1 < Pi < | and 1 < P2 < 4, the same for 1 < pi < 4 and 1 < p 2 < §. Hence one can 
suppose that -j| = + Moreover, one can suppose that p 2 > 2 since inequality 
([nD is valid for p > 2. The case £>2 < 2 follows by injection. 
Using Propositions 13.11 and 13.21 we have 



C*||Vu 2 || 



(13) 



INI 



< e 



LHB V2 .)ur -r-j 1| 

4 pi' 1 \\bu ■ Va 



PI, CO ) 



C||Vu 2 



(14) 



\5u\ 



jv 

P2 



+ /j, 1 1 1 1 1 _ 



N 

Tlli>V2 \ 

t \ V2 >°° ' 



+ ||v<ffl|L - 2+ . 

t \ P2 i°° 

x \\H(a\u\ Vff 



< Ce 



i (fl. 



5*1 



and 
(15) 



¥B\\ 



L°°(B P 



n_ + a \\5u\\ _ jv 



C||Vu 2 



LUB 



N_ 

P2 
P2>! 



||G(a l 



u 



B l 



(B P2 ) 



Combining the estimates of 5a, inequality (J4]), the Bernstein and Minkowski inequal- 
ities, we obtain 



(16) 
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< 



N 



log (e + 



t ( P2 '°° ) 



(17) 



< HHL. log (e + 



\u 



N 

L t° ( B P2* °° ) L t ( B P2 , 1 2 ) 



( P2 >°°) 



HHL * 



We will now estimate the term H (a 1 , u 1 , VII*, B % ). Since div5u = the inequalities 
of Bernstein, (JSJ) (for p 2 < 2iV) and (jSJ) for (p2 = 2iV) imply 



II - II n,N_ ^II^M^M 1 !! -l+N- 

< IIm 1 !!^ ^ IIHL.^-i+g 

< Ik 1 



— 



)■ 



Since p\ < p 2 , j| < + < 1, thanks to inequalities (j5J) and using the Bernstein 
inequality, we have 



T 1 (R P2 ) 

V- D P2-°° > 



< II 1 

2+# ~ 



a ||_ n_ 



X 



(IIHL 



tV- L, P2'°°'' t\ P2i°° > 

+ f\\H.-^(\W 2 \\. 1+ ^ + \\^ 

JO B Plt00 V B p Q ,l 



+ ||VOT|L, 



dr. 



The inequality of Minkowski, (J3J), (j4]), and the Taylor formula imply 



<5adiv 



(/7(a 2 ) -//).M S 



o_i_ A' < ~' 



L t( B P2:°° P2 ) 



O + P1 



(//(a 2 ) -/x 1 )^ 



fir 



B p 2 

P2. 1 



< 



'0 

< lla 2 l 



i+jv j| /x(a 2 ) — / u 1 || jv ||Vw 2 || jy_ dr 

nP2 
-°P2.! 



B Pl 



b pi 



jv 

'LnKix) Jo 



||<5a|l _i+jv||m 2 || 1+ N_dr. 

B 

Using the Bernstein inequality and (jl]), we find 



b Pl 



B f 2 

P2* 1 



div 



(//(a 1 ) - 



< 



-2+-^- 



a j — /i ||_ 



JV 



IIVHL 



< lid. 1 1 



JV 
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This and the inequality of Minkowski, (jHJ), the Bernstein inequality, PJ, Taylor's 
formula and give 



iMiv[(/I(a 2 ) -^(a 1 ))./^ 2 ] 



J 1 ( R P2 \ 
-t 



(19) 



< 



< 



< 



< 



a jv 



pi,i 



(^(a 2 )-^ 1 )).^ 



B P2 



a 1 )] 


-1+^ 
B P1 


2 




E 


a*| n 

rPI 





|<5a|| _i+jy. 

R PI 
D Ci .oc 



\Sa\\ _iiJv||m II i.jvdr. 
n -r P1 . t P2 



P2. 



P2. 



In the same manner we obtain the following estimates 



aMiv 



(^(a 1 ) -/i^SM 



a. < II a 1 



riff, P2 \ 

tv P2>°° I 



— 



(^(a 1 ) -n l )5M 



-1+5 



< Ha 1 !! 2 



pi, 
\ 



r 1 / r ' P2 1 

tv P2'°° > 



and 
(20) 



div 



(^(a 2 )-^ 1 )).^ 



-2+; 



m. < / IMI .-i+#ll'" 2 



'f 1(R ' P2 \ /„ r Pi R P2 



1+ N_dr. 



Using the Minkowski inequality, (TjJ, the fact that B^ x is an algebra, and interpo- 
lation, we obtain 



\SaV(B 



2\2| 



n I N *^ 

^(Bp^c/ 2 ) ~ Jo 



1 5a | 



S" 1+ PT 

u Di .oo 



vjiE 2 !! 2 N dr 



B. 



< 



\Sa\\ _-,,n_\\B z 
b P1 



\B ,,N_dr. 

R P2 

B P2,1 



Since divi? 2 = 0, in an analogous manner, we obtain 
HoaS 2 • V5 2 || 



LHB P2 ,oo P2 ) Jo 



-i+jv ||-B || _i i jv || B || 1+ N_dT. 

B P1 L P1 B T P2 B f 2 

Pl'°° P2>! P2. 1 
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Thanks to inequalities (JSJ), (JED and a classical interpolation argument, we can write 



(l + a 1 )V((5 2 ) 2 -(fi 1 ) 2 )|L - 2+ ^ ^fl + ikL * ) (5 2 ) 2 -(S 

2 

<J2\\ Bi W~ W 6B L 2 . 

j=l L t( B P2 ,i) L 2 (B P2 ^ 2 ) 

2 



r 1 / D P2 1 



L t( B P n,i) Lf(B P2i<xl 2 ) Ll(B P2 2 t0a ) 



Since div5i? = divi? 2 = 0, one will have in the same way 



(l + a 1 ) [5B ■ VB 1 + B 2 ■ V8B) 



< 



L\{B P2 ,J' 2 ) \ = [ L 2 (Bp 2 ,i) 



i=l 

x (\\6B\\ 

Combining all these estimates, we are able to establish 



,P2 



n + \\5B\\_ . n 



t V P2 >°° ' t \ P9. ;°° / 



\\H{a\ u\ VLT*, 5* 



-2+i 



(21) 



1 d2\ 



£ <7(0 IIK.^II , 



"l\{b P2 ;j 2 ) V ^(^.DnZK^j 



L * +\\{B\ B ,„ 

+ / HHI .-i+^g(r)dT, 



B. 



Pi. 



where g is a locally integrable function. 

We give now the estimates for G. Using the Bernstein inequality and ([6]) for p 2 < 2N, 
for p 2 = 2N, we obtain by interpolation 



B 2 ■ V5u + 5B ■ Vu 1 - 5u ■ VB 1 



1'\ (Bp 2 ,oo 2 ) 



< \\B 2 ®&u + 5B®v} -5u® B x \\__ 



< 



M B \ B2 )\L .& 



L 2 {B P2 J 2 ) 



+ \\SB\l 



v \\U 



L 2 {B P2 ,J 2 ) L*(B£ A ) 



<\\(B\B 2 y)\i , f 

x (\\5B\\ ._ 2+ ^ + \\5B\\ * +||HI 



• " 2 + no 
r oo/ d P2 \ 

i \ P2>°° > 



"2+5 



+ 
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We obtain identically to pUJ) and (JTHD that 



div 



(a(a 2 ) -a(a 1 ))V5 2 



o_i_ A' ^ 
2+ — — r^j 



INI .-i + ^\\B' 



1+ jvdr 

PI " " R P2 

^Ki.tw Oj,,,! 



and 



div 



(afa 1 ) -£r 1 )V55 



_2+jv ^ ll al IL ^ ll^-^lu 



We deduce from these estimates that 



||G(a i ,M i , J B' 



jv + a 

P2 
~P2. 



I —2-1- rO / V. v J \ 1 1 V u ' ? J - y 5 J-^* ; 1 1 _iv_ II ix II JV_ 



+ / l|5a| 



J - / 7Ji .no 



* llfi 2 l 



P9,l 



dr. 



Using the above estimate together with those given by ( |2TT) . we have 



7W^7(*)(ll(« 1 ,« a ,B l ) ^ 



la 1 !! ^ 



+ / |H| .. 1+ ^g(r)dr. 

Using the above estimate, we may choose a sufficiently small time T\ so that using 
inequalities ({TBI , (fill . ( TT71) and the smallness of a 1 , we obtain for all t G [0,Xi] 



7(*) < ^ log (e + 
with a(T) = Xli=i^ll M 



a(T) 



I 5m I 



AT 

7l|'R P2 1 

-^r \ P2 ■ 00 ' 



Til £>P2 \ 

T \ P2 !°° / 



xlog(e + ^2.) is an increasing function on R + , we have for all t E [0, T x 



. Owing to the fact that 



7(0 < J l{r) log (e + 



7(t) 



g(r)dr. 



So by Lemma 13751 we deduce that that 7(i) = 0, for all t e [0, Ti]. This gives by 
inequality ([TBI) , that 5a = 0. Standard arguments now yield the required conclu- 
sion. We note that the method used in this section (the logarithmic interpolation 
argument and the application of the Osgood lemma) is inspired by the proofs of the 
uniqueness given by Danchin [?] and was used by the authors in [3]. □ 
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4.2. Existence. Throughout this section we assume that p\ < P2, — + — > jj and 

JL < i i JL 

pi — N P2 ' 

The proof of existence of a solution is performed in a standard manner. We begin 
by solving an approximate problem and we prove that the solutions are uniformly 
bounded. The last step consists in studying the convergence to a solution of the 
initial equation. 

Construction of a regular approximate solution. Let us recall first the following result 
(see [pQ, Lemma 4.2). 

Lemma 4.3. Assume that Sj G R and (p», r») G [l,oo[ 2 /or i = 1,2. Let G G 
S£ ri (R*). T/ien £/tere ezzsfe C7 n G f/' 00 (R JV ), swc/i &trf /or all e > t/jere n 

||G n -G|Un <e Vn>% 
ii ii£> Pir . 1 

//we have divG = and QG G B?£ , then we can choose G n such that divG n = 



and QG" is uniformly bounded with respect to n in the space B 



S2 

P2 Tl ' 



Owing to the above Lemma there exist Oq,Uq, Bq G H°°(R. n ) and f r 
L} oc (R+; H°°(R N j) such that we have 

ll a olU°° ~ IKIU 00 ) div Uq = div Bq = 

and HSril jv_ 2 <||Q/|| jv_ 2 . 



Now, owing to [|2J, Theorem 1.1], we deduce that system (MHD) with the initial data 
(do, Uq, Bq, f n ) admits a unique local in time solution (a n , u n , VIP, B n ) verifying 

a n G C([0,T n );H s+1 (R N )), u n , B n G C([0,T n ); H S (R N )) fl Z]~, n (H s+2 ) 

and VIl n G L l {[ti,T n ); H S (R N )) with s > — - 1. 

Estimates of the regularized solution. Let T G [0, +oo] be defined as inf T n . Our first 

neN 

goal is to prove that T > such that (a™, w", VLT", B n ) belongs to and is uniformly 
bounded in the space 

e t = x [lKb;^ )nL»fc )) x4(B* fl ) 
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Let n^) be a solution of the following non-stationary Stokes system 

d t u n L - ^Au n L + VIL™ = f n 



(L) 



d t Bl - a x AB2 







divul = divBZ = 



l,B n L ) lt=0 = (uZ,B%). 



By construction, uj, 5™ G 5^ nff and f n G ^L( K +; ^p 2 2 ,i n # s )- So following 

jy. _ i — — i 

Proposition 2.3 from [8], we have Vn£,5£) G L™(B™ A n # s ) x n 



-i 



IF) x L?(Bg tl n #») and moreover uj, S£ G ^(^i ) for a11 * > °- 
Let m™ = w£ + m", Vn n = Vn™ + VlT and B n = B n L + if. Then 

(a™,^ 1 , VTf,5 n ) G C(([0,T n ); i/ s+1 (R Ar )) x (C[0,T n ); if 
x L^ n (H 8 (R N )) x C([0,T n ); tf 8 ^)) 

and verifies 

' d t a n + u n ■ Va n = 

80 1 + w n ■ V«" - ft 1 Au n + Vlf = H(a n , u n , VIP, 5 n ) 



iV 



)) 



(NL) < 



djr + u n ■ VB n - o x AB r 



-div 



(a(a n ) - cx^VE™ 



div« n = divS =0 



where 



H{a n , u n , VIT, 5") = -u n ■ Vu n L + a^/i 1 Au n - VIT) 

+ 2(1 + a n )div| (Jl(a n ) - ft l )M n } + (1 + a n ) (B n ■ VB n - ^VB n2 ) 

with A4 n = \(Vu n +* Vu n ). We find that (a™, w", VlT, 5") belongs to £ T n. by 
following the arguments as in P]. 

Now we are in a position to prove that T > such that (a n , w n , VIl n , £? n ) is bounded 
in Er- 
in what follows, we will use the notation 



U n (t) :-- 



u 



■ P2 
"P2. 



7+ 1 . 



+ IIVTT' 



and 



B n {t) := \\B T 



N_ 

t \ P2 ,l I t\ P2 ,l 



-1 + P 
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Since < + then according to Proposition 13.11 we have 



C\\u n \\ jv +1 

M < e U\a n 



oil .£ 

Piil 



< 



rl ,rjP2 % 



P2.1 'Haoll .jv 



rPI 
^P1,l 



Moreover, Proposition I3.2I implies that 

C||V« n [| jv 

f/ n (T n ) < Ce l t^KI^ \\H(a n , u n , VIT, B n ) 



Since — + — > ■h, then the inequality (jlj) implies that 
(22) 

|| a" (//Aw 71 - VIP) 



H_i < a. ! II" 

^TnO^Pa,! ) 



-i +||vir 







From the Bernstein inequality, (j3J) and a classical interpolation argument, we may 
infer that 



(23) 



L T"( B P2,1 ) 



< 



1i 



A llWrll 



Since pi < P2 and — + ^ > then the Bernstein inequality, estimate (0J, and 
Taylor's formula imply that 



(l + a n )div{(£(a n ) -/i 1 )^™} 



i.<(l+ Ha" 

x \\(jl(a n ) ~n l )M n \ 

(1 + IKH * )||M« n )-/l 



— 



< 



< 



(1 



1° II Jll a IL Ip II .^+1 

L Tn( B pi,l) L T n ^ B pl,l) L T n ( B p2 : l ) 



and 



1. 



(l + a n )(5 n - VB n --VB n2 ) 

2 



x < (l + l|a r 



x f||5 n ® 5 n || 

< (i + IK 



n2i 



^Tn( B p2,l) L Tn( B p2,l) 



1 P n | 



-+1 • 



L T n i B pl,l> L Tn( B p2,l ) L T n ( B p 2 2 ,l ) 



2(» 
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For B , we have 



d t W+u n -VTr-a l &B 



-div 



(a{a n )-a l )VB n 



■B -Vu n + B n L -Vu n -u n -VBl, 



By Proposition 13.21 and inequalities (j3J) and ([6]) that for t G [0,T r ' 



C\\u r - 



B n (t) < Ce 



^+1 



''2 



jv 1 1 It 

.P2 



jv + \\a r ' 



N 



\\B n \ 



+ \W 



So, by interpolation, we have 

IMI 

if(< 2 ,x) 



— IMI 2 jv IMI 2 



-i+ 



2V _ | 
/>2,i )' 



thus 



C||u"|| 



fl"(t) < e 



— +i 



\B r lf 2 \\u 



i 

n II 2 



1 

n || 2 



^<<;v> *w,r) L ?°(^r) i>UB%,l l ) 



+ a 



IS" I 



jv, . + U r 



\\ b l\ 



In the same manner, we have 
(24) 



U n (t) < e 



t v P2* 1 



Kill 



Kll 



i 

n || 2 



JV +1 ||« II 
>P2 \ roo/ R P2 



JY__ 1 IF 



1 

n || 2 



L ti B V2,l ) ^(^.x") ^£,1 ) 



t(B i ) 
^ P2. 1 



« JV 



1 + || a r 



JV 



+ ||vn n | 



||-B n || jv_x ||-B n || JV +1 



Let ( be a small positive real number. Then there exists T\ > such that 



(25) 



||K,Bz)ll +l|vn L | 



and (see Proposition 2.3 of [8]) 



IKIL < W.ft-x + ||^/|| , :=«/o- 

B P2 r.l fR p 2 



^£,1 ) 



"l v P2. 1 ' 



Consequently we have 



(26) 



U'i 



&+1 + ||vn 



jv ! < CC et |K|| jy__i < CC/ 



4^ ) ^(B^ ) ^(B^ ) 
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and 

(27) \\B n L \\ ^ <C( and ||B£L C\\B \\ 

In the following we can suppose that T n < T 1; otherwise we take a smaller T n . Let 
t < T n , then 

C(f +11^11 jv +1 ) f 



+ IKII jv fc+ll^ll J£+i)+Cf^o+ Ml iSL-i) 

and 



ClC+IKII jv +1 

(28) ||a n L .jv <Ce y ||a || 



N . 

,Pl 

Let T 2 < T n such that 

(29) ex P (c(C +|K|| #+1 ))<2. 
So if 

16L7 2 ||a || jv <1, 

then 

(30) ||a n |L M. <2C7||a || jv 
and 

B n (T 2 )<Ac\c l2 \\Bo\\K JUo+WvTW ) 1 (( + \\u 

(31) /:r - ! Lr ~ ilj;:il 



1 i 

2 / * . n_ n \ 2 



B P P i V ^r« 2 ! ) 



Using inequalities (12^1) and fl3TT) satisfied by 5" = 5" + S", we obtain that 

t/ n (T 2 ) < c{c(C/ n (T 2 ) + C/ ) + 2L7||a || .£ (l + 2C||a || . £ ) (C + t/ n (T 2 )) 
^ b pi, 1 b pi,i 

+ Cll^oll . (l + 2C||a || . x. ) (U 2 + C 2 + U n {T 2 f) \. 
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Using ( 1301) and the smallness of oq, we obtain for ( small enough, 
(32) U n (T 2 ) < (C(U , \\ao\\ n , \\B \\ jvA 



B 

Pl.l "P2. 1 



Taking £ small enough we observe that inequality (129]) is satisfied. Consequently, 
a standard argument then yields that T 2 = T n . The same type of reasoning allows 
one to show that T n = T 1 , with uniform control. 

We give in what follows a precise estimate of the pressure term. Namely, we prove 
the following 

Lemma 4.4. Let < n < inf (1, ^) be such that i + -£<— + -. T/jen VIP zs 
uniformly bounded in v (B^ 1 ) . 

Proof. Applying the divergence operator to the equation containing the pressure 
term, we obtain 

div((l + a")Vnj = divj (l + a n ) (div {Ji(a n )M n } + B n ■ VB n - ^VB" 2 ) 



+ Qf n - u n ■ W 

By construction of f n and by interpolation, we have that Qf n is uniformly bounded 
in L Ti v (Bp*i )• By interpolation, we have that «" is uniformly bounded in 
L?r~ v (Bp^i )• Since 77 < inequality (jSJ) implies the estimate 
\\u n -Vu n \\ 2 jsl 1 < \\u n ®u n \\ 2 jv „ 

™1 v P2. 1 ; T l v P2- 1 ; 

< ||« n || 2 JV_„ ||M n || JV , 

which shows that w n • Vw n is uniformly bounded in L Ti 77 (-£>p 2 2 1 )• In the same way 
(l + a n )div{jl(a n )J\A n } , for pi < p 2 , and — + — > j^, the Bernstein inequality and 

——1 N 2 

(H imply that div{jl{a n )M n } is uniformly bounded in L\ x (B^ A )ClL\ {B^ x ). So, 
by an interpolation argument, we obtain that div{/I(a n )A / i ra } is uniformly bounded 

in v (-Bp 2 2 5 i )• Since + < + the inequality (j3J) implies that 

(l + a")div{ / u(a n )A / i"} is uniformly bounded in L^T V {B™ x ) in the same way as 
for (l + a n ) (i? n • V-B™ — |V-B n ) . So VIP is also uniformly bounded because we have 
||a n || jv < 2C||a || jl « 1. □ 

roo(nPl ) dpi 

By the construction of the time of existence, then T\ = 00, provided that 
||«o|| Jv.i + H-Boll jv + 11/11 J v_ 1 < c'inf^tr 1 ). 

P2>1 P2' 1 v ^ P2* 1 ' 
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Passage to the limit. Let us note first that by construction of (uq, f n ), the sequence 
VII2,-B£) converges strongly to the solution (ul, VHl,B l ) of the system (L). 
However, to show that the weak limit of (a™, v 71 , VII , B ) is a solution to the system 
(NL), we need to use some compactness arguments. 

We have already established that (a n ,u n , VII , B ) is uniformly bounded in 

jV — — 1 — +1 — — 1 ~ — — 1 — I 1 

l™{b;i x ) x l%(b£~ ) n ii(s« a ) x i^cs^ ) x L5?(s« tl ) n l^b;^ ), 

Moreover VIl n is uniformly bounded in L Ti (-Bp 2 2 ^ ). 

So, in order to use the Ascoli theorem, it suffices to estimate the time derivative of 
a n , u a and B (see for example [9]). Following the proof of Lemma H~4"t the following 
lemma is shown to hold true. 



Lemma 4.5. 



N 

(i) The sequence (c^a n ) n gN is uniformly bounded in L^iBL 9 * x 

(ii) The sequence (d t u n ) n ^ is uniformly bounded in L^ i r '(B^ 1 ) for 
< r] < inf(l, m and ± + % < ± + ±. 

I V ' p 2 1 N ' N VX Pi 

_2_ . IL-i-rj 

(Hi) The sequence (d t B ) nt =n is uniformly bounded in L^~ ri (B^ 1 ) for 
2 -^) and± + %<± + ±. 

P2 ' N ' N Pi P2 



-1 



0< ?7 <inf(l M) and i + ± < ± + A 



From the above lemma, the Cauchy-Schwarz inequality and Holder's inequality, we 
deduce the following corollary. 

Corollary 1. 

/ — — l 

(i) The sequence (cx n )neN is uniformly bounded in C 2 ( [0, Tjj; B^ x 

17 / • — — i— v\ 

(ii) The sequence (w n ) ng N is uniformly bounded in C 2 f[0, Ti]; B^ x J for all r\ 
belonging to ]0, inf(l, f^) [ and ± + # < ± + i. 

(My TTie sequence (B ) neN zs uniformly bounded in C2 ( [0, Tij; -Bp^i ) /or 77 
fte/on^ to ]0,inf(l, ^)[ and i + # < i + i. 

We recall that the injection of B^ loc in B s vq loc (the inhomogeneous Besov space 

loc ) is compact for all £ > (see for example [IS]). 
So, there exists a subsequence (which is still denoted by (a n ,w re , VlP, ~B"")) which 

converges to (a,u, Vn, B). Consequently, (a,«, VTI, B) is a solution of the (MHD) 
system belonging to 

~ JL ~_ — — l — +1 ——1 ~ ——1 — 1 1 

^fc) x ) n 4,(5^ ) x ^(s-; ) x u&bzI ) n l\{b;i x ). 
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Concerning the continuity of u, we have used the fact that 

d t u - /i 1 An = H(a, u, VII, B) 



(H) 
where 



U\ t =Q = u , 



H{a, u, Vn, B) = f - u ■ Vu - (1 + a) (VII + ^VB 2 - B ■ VB) 

+ 2(1 + a)div| (/1(a) - ^)M^ + ^aAu. 

Since 

~_ M. ~ — — 1 — +1 — — 1 

(a, u, Vn, B) G (S^ fl ) x 1% (J3»~ ) n (J3« tl ) x (S» ~ ) 

xl^bzi, )hl 1 Ti (b;i 1 ), 



. -n 



then Proposition [23, implies that H(a, u, VII, B) 6 L^ l (S p2 a P2 ). And consequently, 
Proposition 2.1 [B], ensured the continuity in time of it, in the same way for B. 
To prove that a is continuous and that the L°°-norm is conserved, we use that 
a = do ^ 1 where ^ is the flow of u. This completes the proof of Theorem 11.31 □ 



References 

[1] H. Abidi: Equation de Navier-Stokes avec densite et viscosite variables dans I'espace critique. 

Rev. Mat. Ibero. 23 (2007), 573-586. 
[2] H. Abidi T. Hmidi: Resultats d 'existence globale pour le systeme de la magnethohydrody- 

namique inhomogene. Annales Math. Blaise Pascal 14 (2007), 103-148. 
[3] H. Abidi, M. Paicu: Existence globale pour un fluide inhomogene. Annales Inst. Fourier 57 

(2007), 883-917. 

[4] M. Cannone, Y. Meyer, F. Planchon: Solutions auto-similaires des equations de Navier- 
Stokes. Seminaire sur les equations aux derivees partielles, 1993 -1994, exp. 8. -Ecole polytech, 
palaiseau, 1994. 

[5] J.-Y. Chemin: Fluides parfaits incompressibles. Asterisque, 230, 1995. 

[6] J.-Y. Chemin: Theoremes d'unicite pour le systeme de Navier-Stokes tridimensionnel. Journal 

d'analyse mathematique, 77 (1999), 25-50. 
[7] J.-Y. Chemin et N. Lerner: Flot de champs de vecteurs non-lip schitziens et equations de 

Navier-Stokes. J. Differential equations 121 (1995), 247-286. 
[8] R. Danchin: Local theory in critical spaces for compressible viscous and heat- conductive 

gases. [Commun. Partial differential equations 26 (2001), 7-8, 1183-1233]. Commun. Partial 

differential equations 27 (2002), 11-12, 2531-2532. 



GLOBAL EXISTENCE FOR THE MHD SYSTEM IN CRITICAL SPACES 



31 



[9] R. DANCHIN: Global existence in critical spaces for compressible Navier- Stokes equations. 

Invent. Math, 141 (2000), 579-614. 
[10] R. Danchin: Density- dependent incompressible viscous fluids in critical spaces. Proceedings 

of the royal society of Edinburgh, 133A (2003), 1311-1334. 
[11] B. Desjardins, C. Le Bris: Remarks on a nonhomogeneous model of magnetohydrodynamics. 

Differential and integral equations, 11 (1998), 3, 377-394. 
[12] G. Duvaut, J.-L. Lions: Inequations en thermoelasticitc et magnctohydrodynamique. Arch. 

Rat. Mech. Anal. 46 (1972), 241-279. 
[13] T. M. Fleet, Differential analysis, Cambridge University Press, 1980. 

[14] H. FUJITA, T. KATO: On the Navier-Stokes initial value problem I. Archive for rational 

mechanics and analysis 16 (1964), 269-315. 
[15] J.-F. Gerbeau, C. Le Bris: Existence of solution for a density- dependent magnetohydrody- 

namic equation. Adv. Differential equations, 2(3) (1997), 427-452. 
[16] Y. Meyer: Ondelettes et operateurs. Tome 3, Hermann. Paris 1991. 

[17] J. Peetre: New thoughts on Besov spaces. Duke University Mathematical Series 1, Durham 
N. C. 1976. 

[18] T. Runst et W. Sickel: Sobolev spaces of fractional order, nemytskij operators, and nonlinear 
partial differential equations. De Gruyter series in nonlinear analysis and applications, 3. 
Walter de Wruyter and Co. Berlin 1996. 

IRMAR, Universite de Rennes 1, Campus de Beaulieu, 35 042 Rennes cedex, France 
E-mail address: hamadi.abidi@univ-rennesl.fr 

Laboratoire de Mathmatique, Universite Paris Sud, Batiment 425, 91 405 ORSAY, 
FRANCE 

E-mail address: mar ius . paicu@math . u-psud . f r 



